1.. Introduction {#s1}
================

One of the objectives of epidemiology is the description of health-related states and events in populations. To achieve this objective, incidence and prevalence are important quantitative concepts. Incidence refers to the occurrence of new cases in a specific health-related state during a time period, whereas prevalence measures the proportion of subjects who are in the state at a point in time. Both measures are fundamental in epidemiological research.

For analysing quantitative aspects of infectious diseases, state models (synonymously: compartment models) are widely used and have a history going back at least to the 1920s (see, for example, Brauer, [@C3]). With respect to chronic diseases, compartment models are less common and have appeared later (Fix & Neyman, [@C10]). The infrequent use of mathematical models in this field is in contrast to the tremendous worldwide burden of chronic diseases. For example, two-thirds of all global cases of death in 2010 have been attributed to chronic diseases (Lozano, [@C15]). Hence, we feel the urgent need to contribute to the mathematical understanding of the worldwide epidemics of chronic diseases.

A typical model in the epidemiology of chronic diseases considers a population in three states: healthy (H), diseased (I) and dead (D) (Keiding, [@C11]). Subjects of the population may undergo irreversible transitions between these states as shown in Fig. [1](#F1){ref-type="fig"}. The transition rates are the incidence $\documentclass[12pt]{minimal}
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In many situations, it is important to keep track of different time scales (Keiding, [@C12]). Mortality, for instance, crucially depends on the age of the subjects, but also on secular progress in hygiene, nutrition and medical care. Hence, the rates $\documentclass[12pt]{minimal}
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In the literature, two approaches can be found in dealing with the state model and its transition rates. [@C11] chose a stochastic nomenclature, whereas the group around [@C16] preferred differential equations (Murray & Lopez, [@C16], [@C17]; Barendregt *et al.*, [@C1]). According to the long tradition of differential equations in modelling infectious diseases, we follow the way of differential equations. We show that our approach is able to obtain Keiding\'s result (Keiding, [@C11]).

2.. Methods {#s2}
===========
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In this article, we made three assumptions: The population is closed, i.e. there is no migration.We consider only diseases contracted after birth. Thus, it holds $\documentclass[12pt]{minimal}
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2.1.. Keiding\'s equation {#s2a}
-------------------------

If we look at the change rates of the subjects in the states, balance equations for $\documentclass[12pt]{minimal}
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The PDEs with the initial conditions have the following solutions: $$\documentclass[12pt]{minimal}
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By inserting Equations ([2.3](#M3){ref-type="disp-formula"}) and ([2.4](#M4){ref-type="disp-formula"}) into the definition of the age-specific prevalence $$\documentclass[12pt]{minimal}
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Unfortunately, Equation ([2.5](#M5){ref-type="disp-formula"}) is rarely used in epidemiology or public health contexts. One of the reasons may be that only a few researchers are aware of the equation and its potential. A huge advantage of the equation is the possibility of simulating scenarios. For instance, in the context of planning future health resources one might ask: What would be the effect of reducing the incidence of a specific chronic disease by 25% on the prevalence in the age group 60--80? What would be the effect of lowering the mortality $\documentclass[12pt]{minimal}
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These are important questions in predicting the effects (e.g. outcomes, costs, budget impact etc.) of interventions or health programmes. Thus, we think the equation can contribute in planning the allocation of health resources or in the field of health policy decision-making.

2.2.. Partial differential equations {#s2b}
------------------------------------

In this section we formulate another relation between prevalence and incidence. We start with a lemma.
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ProofMay be found in Appendix. With the lemma we are able to derive the main result of this article.
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The fraction on the right-hand side in ([2.9](#M9){ref-type="disp-formula"}) is the *population attributable fraction*, a well-known epidemiological quantity (Kirkwood & Sterne, [@C14]).

Finally, the greater flexibility of the PDE compared with Keiding\'s and Brunet and Struchiner\'s formula is apparent if we release the assumption of a closed population. Keiding and [@C6] do not cover this case, whereas by an extension of the PDE ([2.7](#M7){ref-type="disp-formula"}) this is easily possible. The necessary steps are described in [@C4].

Equation ([2.7](#M7){ref-type="disp-formula"}) uses calendar time $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$t$\end{document}$ and age $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$a$\end{document}$ as underlying (independent) variables and describes the change of the prevalence as a function of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$t$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$a$\end{document}$. This may seen in the light of the celebrated *McKendrick--Von Foerster Equation*, which does the same for the population density (in a closed population). For a review of the history and further references, see the excellent overview by [@C13].

2.3.. Estimation of the age-specific incidence from two cross-sectional studies {#s2c}
-------------------------------------------------------------------------------

The primary advantage of the PDE approach over Keiding\'s Equation ([2.5](#M5){ref-type="disp-formula"}) is a possibility of deriving incidence rates from prevalence data. We start with the observation that in contrast to ([2.5](#M5){ref-type="disp-formula"}), the PDE ([2.7](#M7){ref-type="disp-formula"}) can be solved for the incidence rate $\documentclass[12pt]{minimal}
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This equation provides a way to estimate the age-specific incidence from two cross-sectional studies. Consider two points in time, $\documentclass[12pt]{minimal}
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While the last step in Algorithm 2.1 is mathematically exact, the algorithm comprises two approximation steps (indicated by the '$\documentclass[12pt]{minimal}
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In both approximations, the underlying idea is *linearization*, i.e. the assumption that the intermediate value in ([2.11](#M11){ref-type="disp-formula"}) and that the derivative in ([2.12](#M12){ref-type="disp-formula"}) can be approximated by linear functions. If the prevalence $\documentclass[12pt]{minimal}
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3.. Example {#s3}
===========

For illustration of the practical relevance, we apply the theory to an example motivated by dementia in German males. The mortality $\documentclass[12pt]{minimal}
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This is an approximation of the observed rate in males (Ziegler & Doblhammer, [@C21]). As there are indications that the age-specific incidence is relatively stable (Qiu *et al.*, [@C19]), we consider it to be independent from calendar time $\documentclass[12pt]{minimal}
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3.1.. Independence from duration {#s3a}
--------------------------------

In the first example, we assume that the mortality $\documentclass[12pt]{minimal}
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The age courses of the prevalence in 2010 and 2015 are calculated by Keiding\'s Equation ([2.5](#M5){ref-type="disp-formula"}) in steps of 2.5 years length $\documentclass[12pt]{minimal}
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Based on the age course of the prevalence in Fig. [2](#F2){ref-type="fig"}, we apply Algorithm 2.1 with $\documentclass[12pt]{minimal}
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4.. Summary {#s4}
===========

In this article we have formulated and proven a new relation between the age-specific prevalence, the incidence and the mortality rates in terms of a PDE. The relation generalizes differential equations published recently in [@C5] and [@C4]. Compared with the relations from [@C11] and [@C6], the PDE is simpler and has a greater flexibility. The flexibility has been illustrated in three points: (i) a new way of deriving incidence rates from prevalence data, (ii) the use of the method if the general mortality is given instead of the mortality rates of the healthy and diseased and (iii) the possible extension in case of migration. A fourth aspect may be mentioned if we allow a transition from the disease state (I) back to the state (H). Again the PDE is capable to deal with this situation and Keiding is not, see [@C4] for details.

The new method of deriving incidence rates from prevalence data may be very useful in epidemiology. While prevalence data may be obtained by cross-sectional studies, the estimation of incidence rates mostly require lengthy and costly follow-up studies. Especially in low or middle income countries data about incidence of many diseases have not been surveyed yet. Furthermore, in some situations, estimates from cross-sectional data might be more reliable than estimates by follow-up studies. For example, in surveying occurrence of health states where subjects might feel uncomfortable or even stigmatized, losses to follow-up or withdrawals of consent are very likely. An anonymous cross-section may be found more acceptable and less intrusive for study participants than repetitive re-examinations.

With a view to practical applications of Algorithm 2.1, apart from the approximation errors, sampling errors in surveying the age-specific prevalence have to be considered. The sampling error depends on several parameters and a discussion is beyond the scope of this article. For an introduction about this issue we refer to [@C5] and the associated technical appendix, where sampling error was assessed in simulation studies. Error bounds arising from uncertainties in raw population data may be obtained by bootstrap methods as described and demonstrated in [@C5].

In summary, we have presented a new relation between the age-specific prevalence, the incidence and the mortality rates. The relation is applicable in many contexts from epidemiology, public health and demography. Furthermore, it is simpler and more flexible than a previously found equation. With our findings, we hope to contribute to the quantitative understanding of how basic epidemiological rates and processes may impact global health and burden of chronic diseases.
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